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Introduction

The purpose of this paper is to study the relation between ring extensions and self-
duality. The theory of duality is established by K. Morita [2]. However, the problem
concerning the existence of self-duality for a given ring is difficuit and there seems
to be only a few papers dealing with this problem. Indeed, the Artinian rings with
self-duality have not yet been characterized. Recently K.R. Fuller and J.K. Haack
[1] have proved that a finite ‘ZR semigroup ring’ over a ring with self-duality has
itself a self-duality.

In this paper, we shall generalize their result bv establishing the following
theorem.

Theorem. Let A2 B be a ring extension. If A has a finite free basis over B each
member of which centralizes all the elements of B, B has a self-duality induced by
gV, and if the structure constants of A with respect to the above basis commute
with each element of V, then A has a self-duality induced by sHomg(gA 4, V).

It should be noted that any finite-dimensional algebra over a commutative field
satisfies our condition, while it is not always a finite ZR semigroup ring in general.

1.

Throughout this paper, A2 B is a ring extension satisfying the following
conditions;

(1) A is a free left B-module of rank n.

(2) A has a free basis x,, ..., x, € A such that each x; ceniralizes the elements of
B, i.e.,

bx;=x;b for all beB.
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Under these assumptions, it is easy to check that A is a free right B-module of rank
n. Z(B) denotes the center of B, and put

n
XiX; =p2| ﬂgxp, ﬂf;E B,

n
ly=Y aix;, «@;€B.
i=1

Lemma 1.
@) U, a;,e Z(B) Sor all i, j and p.
(ii) E BiB = Z i Bip Sfor all i, j,k and m.

(iii) E ap,Bpj =0 = Z ap Sor all i and j.

Proof. (i) Since

E ngxp= < E ~ij )b (x,x"’)b b(x;xj)
p

= b( )) ﬂ,.;?xp) =Y, bBfx, for all beB,
p p

and {x,,...,x,} is a free basis over B,
Bib= bB" for all be B and i, j and p.

Next, since

Y o;bx; = ( a,x,-)b=l-b=b- 1

(Z a,x,) = Y ba;x; for all beB,
we have

a;b=ba; for all beB and i.

(ii) This formula is well known.
(iii) Since

L (Lol )= San( £ 8y5) = S apmy
i i p
= ( E apxp)xj =xj = Z Jijx,- for all j,
p / i

we have

Y oB,=d; foralliandj [
p
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From now on, assume that B has a self-duality induced by z¥5. Then gV and Vy
are the linearly compact injective cogenerators and

End(zV)=B, End(Vy)=B. 3)
Put

W= @ V3.

We will think of each element of W as a row vector and denote [v]. For each
X, bix;€ A and [v5) € W, we define

(Z bixi> *[v5] = [ Y Yb Svp]- (4)
i p i

Lemma 2. With the multiplication ‘+’, W is a left A- right B-bimodule. Moreover,
left B-module structure of @ gV coincides with the multiplication ‘*’, i.e.,

(E baixi> *[vs] =[bv] for all be B and [v,]e W.
Proof. We shall only prove

ax(a’*[v;])=(aa’) *[v,] (5
for all a,a’€ A and [v]€ W. Put a=§ b;x; and a’= T, b x. Then

ax(a’ *[v)) = (ZJJ b,-x,-> * ((; b;ixk) * [vs]>
=(Ton)+| T peimo - LTI E0mpis)
On the other hand,
(aa’) [vs]—<( b;x; (Zk: bixk>>*[vs]
~(L F Fosisin)-ta=| TT T Totishntel
Then (5) follows from Lemma 1 (i) and (ii). [

Hereafter, we will denote the multiplication omitting *’.

Lemma 3.
& : sHomg(gA 4, gVB) 20~ [(x)pl € 4Wp

is a bimodule isomorphism.
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Proof. Since gAg= @" zBp, it is easy to show that & is a B-bimodule isomor-
phism. Let ¥, byx,€ A and ¢ e Homp(gA4, gV'). Then

(); bkxk) oel=| £ T bkﬂ:;,(xp)«é]

p k

(zx bkp:;x,,)w] - [(; %) ﬁ;;x,,)<o]

p k

= (; bkxsxk)qJ] = [(xs)(ik: bkxk(a)].
( fk.‘. bkxk) D(p)= ‘15( )’; bkxk(p).

Thus we have proved that & is a A-homomorphism. [

Hence

Corollary 4. W is a linearly compact injective cogenerator and defines a duality
between A and End(,W).

Proof. This corollary is directly from Lemma 3 and P. Vamos [3, Theorem
2.2]. O

Let be Z(B). Since the map gVav—bve gV is a B-endomorphism of gV, there

uniquely exists n(d) € B such that

b'bu=>b'vn(b) for all veV and b’eB.
(Notice (3).) Thus we have

bv=vn(b) for all veV.
Moreover,

v(n(b)b’) = (v (b))b’ = (bv)b’ = b(vb’)

=(vb’)n(b) =v(b'n(b)) for all ve V and b’eB.

Since Vjp is faithful, we have

n(b)b'=b'n(b) for all b’'eB.
Therefore we have proved that n(b) e Z(B). Then

Lemma 5. n: Z(B)— Z(B) is a ring automorphism.

We now proceed to compute End(,W). Since
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End(sW) =End( éBV) = M,(End(;V)) = M, (B),
we have
BCEnd(,W)cEnd(zW)=M,(B).

We will denote each element in M,(B) of the form (b,,).
Lemma 6.

g:A> E b,-x,-'-' ( E b’ﬂlfl) EMn(B)
is a one-to-one ring homomorphism.

Proof. It is easy to show that g is an additive homomorphism. First, we shall prove
that o is one-to-one.

Z,_:b,-x,-eKer o = YLbBL=0 for all p and gq,
= Y Y bplx,=0 forallg,
s
= Y bixix,=0 for all g,
= ¥ ¥ bixix,e,=0,

q I

= Z b,'x,' =0.

Hence o is one-to-one. Next we shall prove that ¢ is a ring homomorphism. Let
Zib,‘x,', Zj bj’xj €A. Then

o( Fo)o( 3 i) = (2 008) (3 2)
S OPLEPTA]

On the other hand,

a<<z,-: b; xi)(zj: bjxj)) a( ; b,-bf; ﬁi’jx,)
))

-(xroszan)
(

o(poa)(pon)((500)( %)

by Lemma 1 (ii)). U

Thus
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Corollary 7.

[

A——— Mn(B)

l

—

1
\J

B e End(AW)

1
s

is a commutative diagram. O

Now we shall make the following assumption:
©) n(Bf)=pf for all i,j and k.
(C) is equivalent to

Bkv=vp} for all veV and i j and k.

Lemma 8. Under the assumption (C), the followings are concluded.
() Let (b,,) € M,(B). Then (b,,) € End(,W) if and only if

Y Blby=Y Bbys forall it and s.
q q
(ii) End(,W)= ’EI B( ﬂ,{’q) =a(A).

Proof. (i) Let [v;] € W. Then

xl([vs](bpq)) xl[ Z vl IS] [ Z Z ﬁgivlblq]
r q
= [ Yy v,ﬁs‘}b,q] for all i.
t q

On the other hand,
(xi [Usl)(bpq) = [ ; ﬁ;ivt] (bpq)= [ ; E ﬂqlvt qs]

- [ ) ;.;,p;,bqs] for all i.
Thus we have
(b)) €End(4,W) & ; }q: v Bby, = }; ‘év,ﬂfﬂ.bqs
for all [vJe W and i,s. (6)
Suppose (b,,) € End(4W). Let ve V and fix £. Put [v,] =[J,sv]. Then by (6),
v ; Bib,=v %: Bbys forallve V.
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Therefore

; ﬁf.-brq= g ﬂ:,,'bqs'

Conversely, if ¥, B3b,=L, B;jbqs for all i and ¢, then it is easy to see that
(bye) € End(4 W) from (6).
(i) Let (b,,) € End(4W). Then, by (i),

bpi= ; Ogibpg= {: L asBiby =Y as X Biby,
. s q

=Y o, X Bhby= § <‘[, asbqs)ﬁ{;,. for all p and i.
s q s
Put ¢,= Y a;b,. Then we have

bpe= Y kB, for all p and q.
k
Thus
(byg) = ; (B € Zk: B(Bg)-

On the other hand, it is easy to check that ¥ kB(ﬂ,fq) CEnd(4W). Thus we have
proved (ii). O .

Now we get the following theorem.
Theorem 9. Under the assumption (C), .1 has a self-duality induced by W.
Proof. By Corollary 4, A his a duality induced by 4W, and End(,W)=0(A)=A4
from Lemma 8. Thus 4 induces a self-duality of 4. [J
References

[1) K.R. Fuller an¢ J.K. Haack, Duality for semigroup rings, J. Pure Appl. Algebra 22 (1981} 113-119.

{2] K. Morita, Duality for modules and its applications to the theory of rings with minimum condition,
Sci. Rep. Tokyo Kyoiku Daigaku (Sect. A) 6 (1958) 83-142.

{31 P. Vamos, Rings with duality, Proc. London Math. Soc. (3) 35 (1977) 275-289.



